Colloidal quantum dots have garnered active research interest as quantum emitters due to their robust synthesis process and straightforward integration with nanophotonic platforms. However, 2 obtaining indistinguishable photons from the colloidal quantum dots at room temperature is fundamentally challenging because they suffer from an extremely large dephasing rate. Here we propose an experimentally feasible method of obtaining indistinguishable single photons from an incoherently pumped solution-processed colloidal quantum dot coupled to a system of nanocavities. We show that by coupling a colloidal quantum dot to a pair of silicon nitride cavities, we can obtain comparable performance of a single photon source from colloidal quantum dots as other leading quantum emitters like defect centers and self-assembled quantum dots.
Introduction
Hybrid quantum photonic integrated circuits 1, 2 are a promising platform to develop various quantum technologies including universal quantum computing 3, 4 , quantum networks 5 and boson sampling 6 . A fundamental building block of this hybrid quantum photonic platform is an on-chip source of indistinguishable single photons. Quantum emitters including self-assembled quantum dots (QDs) and single defect centers coupled to integrated nanocavities have recently attracted significant attention as indistinguishable single photon sources due to their on-demand and highrate single photon generation capabilities 7, 8 . The indistinguishability of these solid-state emitters which is largely limited by dephasing, is mitigated by using an optical cavity in these systems 9 .
Unfortunately, none of these has been shown to maintain indistinguishability of generated single photons on a scalable platform which is a prerequisite for most quantum technologies. Solutionprocessed colloidal QDs can potentially provide a promising solution to this problem due to their low-cost chemical synthesis and straightforward deposition to most substrates in a scalable manner. In fact, deterministic positioning of colloidal QDs on silicon nitride (SiN) integrated photonic platform has been recently demonstrated 10 . However, despite the ease of scalable fabrication, solution-processed colloidal QDs suffer from a large dephasing rate ( * ≈ 10 5 , * being the pure dephasing rate and being the QD dipole decay rate) at room temperature making them unattractive as an indistinguishable single photon source.
In this paper we report an architecture consisting of a colloidal QD coupled to two nanophotonic resonators that improves the indistinguishability of single photons while maintaining a moderate efficiency at room temperature. Specifically, we show that our architecture can achieve comparable efficiency and indistinguishability of single photons from colloidal QDs even though they suffer from order of magnitude greater dephasing than quantum emitters like silicon vacancy (SiV) centers 11 . We theoretically analyze the parameter space of our nanophotonic architecture to identify regions of high indistinguishability and efficiency. Finally, we propose an experimentally viable system to implement the architecture under the constraints of current nanofabrication technology required to obtain indistinguishable single photons from colloidal QDs. We note that our proposed method is inspired by recent work on improving indistinguishability of single photons emitted by SiV center using cascaded cavities 11 .
Indistinguishable photons from broad dissipative emitters
For quantum emitters with large dephasing rate, the indistinguishability of emitted photons is given by 13 , usage of ultra-small mode volume cavity to boost indistinguishability primarily in plasmonic systems 16 or using a cascaded cavity system to get highly indistinguishable photons 11 .
However, no reports exist for improving indistinguishability of emitted photons from strongly dissipative emitters like solution-processed colloidal QDs.
Our proposed system consists of two coupled cavities 1 , 2 and a colloidal QD pumped with a picosecond pulse as shown in Figure 1 (a). Cavity 1 has a decay rate of 1 and is coupled to the emitter with coupling rate . The second cavity 2 decays at a rate of 2 and is coupled to 1 with a coupling rate of . The photons lost by 2 are collected as the output of the system. We can see from Figure 1 (b) that the linewidth of the quantum emitter + * , is much broader than the linewidths of the cavities 1 , 2 under consideration because of the huge dephasing experienced by the emitter.
Our system is governed by the Hamiltonian (setting ℏ = 1) The system dynamics is given by the evolution of the density matrix according to the master
where denotes the collapse operators required to model the system:
where the last term represents incoherent pumping of the QD. The collapse operator for incoherent pumping √ ( ) † is time dependent to denote a gaussian pulse used to excite the emitter. ( ) is given by
where σ is the standard deviation corresponding to the width of the gaussian pulse centered at .
We emphasize that the previous works 11,13,16 modelled the single photon source by assuming an initially excited emitter, which is strictly valid only for resonant excitation. In most experiments, however, the single photons are generated under above-band pumping, and hence in our model we explicitly incorporated the incoherent pumping of the emitter using a pulsed laser. We note that the system Hamiltonian remains the same for both the incoherent pumping and the case of an initially excited emitter. The difference appears only in the collapse operators needed to model the system using the master equation.
The indistinguishability of photons emitted by the 2 can calculated as
We can define the efficiency of the system as the number of photons emitted by 2 which is given by
We calculate both of these quantities via quantum regression theorem using QuTiP 19 .
Parameter study of indistinguishability and efficiency
In this section we study how indistinguishability and efficiency vary with 2 (quality factor of 2 ) and (coupling between the cavities 1 and 2 ), which are our primary degrees of freedom during the design process as well as being the key parameters in determining the system performance. We pump our emitter, a colloidal QD, with a 3 gaussian pulse centered at = 5 and calculate and as we move across the parameter space in order to identify regions of high indistinguishability and moderate efficiency.
To gain a physically intuitive understanding behind calculated values of and we study the population dynamics of the system. Qualitatively we can break down the sequence of events that generates single photons as follows (Figure 2 ). Before the incoherent excitation pulse hits the emitter, the emitter is in the ground state and the cavities are empty. When the pulse hits the emitter the population of the emitter rises at rate ( ) while simultaneously decaying at rate and getting dephased at a rate of * . Meanwhile the cavity 1 experiences a spike in its population, the magnitude of which depends on , before its population decays back to zero with a decay rate of
1 . The population in the second cavity 2 also experiences a period of rise due to cavity coupling rate , followed by an eventual decline to the ground state as the cavity emits photons and decays at rate 2 . We collect these photons emitted by cavity 2 and we want these to be as In Figures We divide the plots in Figure 3 (a), (c) into two regions based on the relative value of 2 ( 2 ) with respect to 1 ( 1 ). In Region 1 where 2 < 1 , i.e. the light storage time in the second cavity 2 is larger than the first cavity 1 , the cavity 1 gets populated with rate 1 from the emitter, and acts like an emitter itself for the cavity 2 . 2 then funnels the emission into its linewidth and consequently, we see a high which increases with a decreasing 2 or increasing 2 . However, in Region 2 where 2 > 1 this funneling cannot happen efficiently and rapidly falls. As this process is boosted by an increased 1 , we expect to increase with an increasing 1 . This analysis is valid when there is a dominant unidirectional flow of single photons from QD towards 2 ( Figure   2 ), which dictates 2 ≲ 2 and 1 ≲ 1 + 2 . This ensures that photons do not incoherently hop back and forth between 1 and 2 or between the emitter and 1 at rates which are higher than the rate of loss 2 from 2 .
As we increase 2 or decrease 2 , we expect the efficiency to increase as we are increasing and due to this inverse relationship, varies non-monotonically with or 1 (Figure 3(b) ). A large enough 1 is required to ensure that 1 is populated so that a transfer to 2 can happen. But an increased 1 also leads to a lower 2 and hence an efficiency maximum exits at an intermediate value of 1 or correspondingly .
To get a better understanding of and , in We first analyze the plots in Figure 4 (a). With the help of Figure 4 (c) we deconstruct the figure into two regions Region 1 where 2 < 2 and Region 2 where 2 > 2 . In Region 1 where 2 < 2 , as we increase , 2 increases without having any significant effect on . This happens because in this region our system is operating like the Region 1 described in Figure 3 (a) with cavity 2 funneling the acquired photons from 1 into a narrow region as it emits them. As 2 is held constant
Reg. 2 Reg. 1 doesn't change significantly. The curves are arranged in an order of increasing 1 similarly. A significant change happens in the Region 2 where 2 > 2 . In this region has become significantly large to dominate the rate dynamics and this causes the photons to incoherently go back and forth between the two cavities at much higher rates than the emission rate of 2 and this leads to a rapid decrease in .
Finally, we consider Figure 4 (b). Changing affects 2 only, keeping 1 unchanged. When < γ, 2 is very small and we find that is virtually zero because hardly any population transfer occurs between the cavities. As increases, 2 also increases leading to an increase in . In Figure   3 (b) we observed that varied non-monotonically with 1 . However, now when becomes large enough that 2 ≳ 1 denoted by the shaded area in Figure 4(b) , (c), we observe that an increasing 1 leads to an increasing . This is because now the limiting factor on is not the rate of transfer from 1 to 2 which is huge but rather 1 getting populated in the first place. Note that despite high internal rates of transfer the overall magnitude of is still small because it is limited by 2 which is constant in this case and much smaller than 2 when becomes large.
From this analysis we can find the optimal region of operation for our system. We need a high 2 and low to ensure that emitted photons from 2 have high indistinguishability. This, however, restricts us to operate in the region of low efficiency. There exists a tradeoff between the indistinguishability and the efficiency in this region with the optimal point of operation at: just larger than , where indistinguishability has not dropped significantly but the efficiency too rises to a moderate value. Further in this region we can maximize the efficiency by choosing between 0.1 ( ) 3 to 1 ( ) 3 with lower mode volumes preferred as they lead to a higher indistinguishability.
Experimental Design
Based on the parameter studies of the previous section we propose a SiN based nanophotonic structure achievable with current fabrication and experimental techniques to improve the indistinguishability of emitted photons from colloidal QDs. We observed in the last section that a mode volume of the first cavity between 0.1 ( ) 3 to 1 ( ) 3 is required to achieve optimal performance from our system. Based on the current state of art, on-substrate SiN cavities can achieve a mode volume of ~1.2( / ) 3 with a Q factor of ~6 × 10 4 in a one-dimensional nanobeam structure (see Supplementary Material). For the second cavity we want a large 2 , while the mode volume is not important. Hence, we can employ SiN ring resonator with a quality factor 2 = 2 × 10 6 for this purpose 21, 22 . Finally, we want to be slightly larger than and hence we choose = 2.1 . This can be engineered by appropriately choosing the distance between the two cavities. 
Figure 5: Experimental design. (a) Design schematic depicting colloidal QD with decay rate

. The output is collected from the waveguide coupled to the ring resonator. (b) SEM image of a fabricated device structure inside the dotted black box shown in (a).
As shown in the Figure 5(a) , our system consists of a colloidal QD coupled to SiN nanobeam cavity which is further coupled to a SiN ring resonator. The colloidal QD is characterized 10 by its decay time constant of = 4.8 and linewidth of Δ = 23 which can be used to find its decay rate and dephasing rate * . where is the relative strength of electric field at colloidal QD location ( / ) and is = 0.35 in our case 10 as the QD sits on the surface of the cavity, denotes the dipole moment of the colloidal QD and ≈ 50D for the QD used 25 . The nanobeam cavity has a decay rate of 1 = / 1
and is coupled to the ring resonator with a coupling rate = 2.1 . The ring resonator decays at a rate of 2 = / 2 . The QD radiates at λ = 630 and cavities are designed to have zero detuning. We pump the quantum dot with 3 pulse which has an amplitude = 120 . Figure   5 (b) shows a scanning electron microscope (SEM) of a fabricated concept device to highlight that such heterogenous integration of different cavities is indeed possible.
Via numerically simulating the master equation using these parameters, we plot the population in the colloidal QD, the nanobeam and the ring resonator as a function of time ( Figure 6 ). Initially all three are in the ground state. As the pulse excites the emitter the population of QD rapidly rises before it starts to drop. Due to the coupling between the QD and the nanobeam, and the coupling between the nanobeam and the ring resonator, population in the cavities too show a similar behavior but with a decreasing magnitude of peak population.
A key difference to note here from the case where we start with an initially excited emitter is that, since there exists a finite period of rise of populations, the net transfer to the second cavity (ring resonator) is lower in this case and we get a lower efficiency though indistinguishability isn't significantly affected. We achieve an efficiency of 0.152% and indistinguishability of 0.629 using our system. 
Comparison with other solid-state emitters
Finally, we compare the performance of colloidal QD as a source of indistinguishable single photons with other quantum emitters like self-assembled QDs and SiV centers. As seen from Table   1 colloidal QDs suffer from a dephasing rate which is almost two orders of magnitude greater than
SiV centers and about three orders of magnitude greater than self-assembled QDs. The first column lists the indistinguishability and efficiency of a dissipative self-assembled QD coupled to a single cavity. Indistinguishability of such a system depends on the detuning between the cavity and the emitter and falls with an increase in detuning. The second column details the performance of a single SiV center coupled to system of cascaded cavities for two different parameter values. We can see that an increased indistinguishability comes at a cost of lower efficiency of emission. In the third column we list the performance of colloidal QD coupled to our proposed system of two coupled cavities at an optimal point of operation. As evident, despite the huge amount of dephasing present in solution-processed colloidal QDs we can still get comparable indistinguishability and efficiency from these. However, as explained in the last section, current fabrication techniques pose limitations on the system parameters that can be presently achieved on a nanophotonic platform. Hence, in the last column we list the performance of a colloidal QD coupled to our system of two coupled cavities characterized by parameters currently within the reach of experimental techniques. We can see that SiV centers yield high values of indistinguishability of emitted photons when coupled to a cavity with extremely low mode volume of the order of ~0.005( / ) 3 . The caveat however is that such small mode volume cavities were only demonstrated on a high refractive index material platform, which is partially absorptive at the SiV resonance frequency. 
Conclusion
We proposed an experimentally feasible system design to improve indistinguishability of single photons from colloidal QDs. We looked at the trends in indistinguishability and efficiency of emitted photons as a function of system parameters. Using qualitative arguments, we provided a physical insight on how the system functions. Finally, we compared the performance of colloidal QDs with other broad quantum emitters. We found performance of colloidal QDs to be comparable to these other emitters. Even better performance from colloidal QD as a source of indistinguishable single photons is within reach in near future by using lower mode volume SiN cavities to couple to the colloidal QD. Another viable alternate is to use gallium phosphide (GaP) cavities, as GaP has a much higher refractive index (n = 3.25). This high refractive index contrast allows significantly lower mode volumes of the order of ∼ 0.1( / ) 3 to be achieved on a GaP based At this stage from Eq. 12, Eq. 16 and Eq. 19 we can see that the coherences of the system follow the populations under the specified conditions on the system. Thus, the population dynamics given by rate equations completely describe the system. These can be obtained by substituting Eq. 12, Eq. 16 and Eq. 19 into Eq. 5, Eq. 6, Eq. 7 and Eq. 8. 
S2. Nanobeam cavity
The cavity mode profile is shown in Figure S1 . The simulated SiN nanobeam cavity has a resonant wavelength at 630 , quality factor 1 = 6 × 10 4 and a mode volume of = 1.2(λ/ ) 3 . 
